Introduction
In the theory of complex manifolds, there are two different extreme objects: compact manifolds and holomorphically complete ones. We have a lot of good knowledge about the fundamental properties of both classes of manifolds, contributions to which have been made by many celebrated authors in this century.
In 1970, S. Nakano [18] succeeded in solving a problem on the inverse of monoidal transformation by proving the vanishing of cohomology groups for line bundles over a class of complex manifolds. This class includes the above extremes and was called by him weakly 1-complete manifolds. The definition is as follows; a complex manifold is said to be weakly 1-complete if it carries a C°° plurisubharmonic exhaustion function. It is trivial that a compact complex manifold is weakly 1-complete. It follows immediately from the Remmert's proper embedding theorem that holomorphically complete manifolds are weakly 1-complete. From the definition, it is quite natural to expect that a weakly 1-complete manifold is a nice intermediate object between compact complex manifolds and holomorphically complete ones.
In the last decade, more or less inspired by this philosophy, several authors have studied cohomological properties of weakly 1 -complete manifolds: [1] , [12] , [19] , [20] , [21] , [22] , [23] , [24] , [25] , [26] , [27] , [28] , [29] . The following theorem is due to S. Nakano [21] .
Theorem I. Let X be a weakly l-complete manifold and n: B-+X a holomorphic line bundle. Assume that B has a metric along the fibers whose curvature form is positive. Then, H*(X, Q*(B)) = 0, p + q>dimX.

Here we denote by H q (X, Q p (BJ) the q-th cohomology group of X with coefficients in the sheaf of the germs of B-valued holomorphic p-forms.
Let X c be the sublevel set {x; <p(x)<c} of the exhaustion function (p. In [24] , the author has extended the above theorem as follows:
Theorem 2. Let X be a weakly [-complete manifold and n: B-^X a holomorphic line bundle. Assume that B has a metric along the fibers whose curvature form is positive outside a compact subset K of X. Then, the natural restriction maps p c : H*(X, Q'(B» -> H«(X C , are bijective if X C^> K.
The purpose of the present article is to extend the methods employed in [24] and show more explicitly how they unite each other to yield a fundamental theorem on cohomology groups of weakly 1-complete manifolds; the results including all the known ones will be deduced from the isomorphism theorem in Chapter 2.
As a by-product we obtain simple proofs of results obtained by AndreottiGrauert [3] , Andreotti-Vesentini [4] , and Hormander [10] . Our viewpoint is that of [4] and the argument is essentially included in [10] ; the use of complete metrics renders the derivation of the basic estimates very easy, and the argument borrowed from [10] enables us to avoid the use of so called 'bumping lemma'. Of course the advantage of our method lies in that we can prove the isomorphism theorems on weakly 1-complete manifolds in the same way.
The author expresses his hearty thanks to Professor S. Nakano who led him to this subject. He is also very grateful to Professor H. Grauert who allowed him to stay in Gottingen during the preparation of this paper and gave him kind advices. Last but not least he expresses many thanks to Mr. K. Takegoshi for careful reading of the manuscript and to the referee for valuable criticisms.
Chapter 1. Preliminaries § 1. Hermitian Geometry
Let X be a paracompact complex manifold of dimension n and n: E-*X a complex vector bundle. We denote by E*, E 9 A £, and E (m) , the dual, the conjugate, ra-fold exterior power and w-fold symmetric power of E.
Definition 1.1. A section /? of Horn (E, E*) is called a hermitian metric along the fibers of E if, for any point xeX and any two vectors u, weE x :
= *-'(*), Hermitian metrics are assumed to be C°° unless otherwise stated. Let h be a hermitian metric along the fibers of £. For two sections / and g of E, we set </, g> is called the pointwise inner product of/and g. Canonically, h induces metrics along the fibers of £*, E, £ (m) , A E, and A E® A E. We also denote by < , > the pointwise inner product with respect to the induced metrics. Let T x be the tangent bundle of X and T X @T X the splitting of T|® K C into types (1, 0) and (0, 1) with respect to the complex structure of T x . As a complex vector bundle we always identify T x (resp. Tf) with T x (resp. T*).
We can naturally identify A T' x ® A T x with a subbundle of P A*(T X ® R C).
For simplicity we denote A(T X ® R C) by T Let E! and £ 2 be two complex vector bundles over X provided with hermitian metrics along the fibers. Let £: E 1 -^E 2 be a morphism or the conjugate of a morphism. The adjoint £* of £ is defined by the following formula: (6) where /and g run the sections of E! and E 2 , respectively, and < , > £ denotes the pointwise inner product of E t .
The conjugate star operator Proof. See Appendix.
Theorem 1.4 (Extended Bochner-Calabi-Nakano formula)
.
Proof.
We set (17) (/,*) = <f,g>dv, }x (5/,flf)=(/,arf),
provided that supp/n supp gf is compact. We put (19) Cg'%X, £) = {/e C*-*(X, £); supp/ is compact} . 
In view of Theorem 2.2 and Theorem 2.4, the meaning of these propositions will be clear.
Chapter 2. Isomorphism Theorems for Pseudo-Runge Pairs § 1. Basic Estimates
Let X be an n-dimensional complex manifold with a complete hermitian metric ds 2 , and let £ be a holomorphic vector bundle over X with a hermitian metric h along the fibers. Definition 1.1. We say that the basic estimate holds at bi-degree (p, q) if there exist a compact subset KaX and a constant C 0 , satisfying (1) ll K is called an exceptional set and C 0 is called a subellipticity constant.
Proposition 1.2. Assume that the basic estimate holds at bi-degree (p, q). Then both Rt>
q and R p^q~l are closed, and dim #£•*/#?•* <oo.
Proof. In view of Theorem 2.1 in Chapter 1, we have only to show that from any sequence g k ED^qnD^q with \\g k \\ bounded and ||5*0J-»0 in
, one can select a strongly convergent subsequence. By the completeness of the metric ds 2 , we can take a sequence f k e Cfr q (X, E) so that
Let KI be any compact subset of X and K 2 another compact subset of X containing K^ in the interior. Let %: X^>R be a C°° function satisfying X = l on K 1 and / = 0 on X -K 2 . Since is bounded, is also bounded. Since SB E + B E d is a strongly elliptic operator, in virtue of Garding's inequality (cf. Theorem 6.5.1 in [16] ) and Rellich's lemma (cf. Theorem 3.4.4 in [16] ), yj k has a strongly convergent subsequence.
Hence f k has a subsequence f ik converging strongly on K. By the basic estimate, f ik converges strongly on X, hence so does g i} .
q.e.d. § 2. Pseudo-Runge Pairs and an Approximation Theorem
We shall present here an abstract form of Proposition 6 in [24] (cf. also Approximation theorem in [29] ).
Let X be a complex manifold and E a holomorphic vector bundle over X. Let X l and X 2 be two open subsets of X. For simplicity we set
and so on. Note that under the above conditions the basic estimate holds with respect to h 0 and dsg, too.
The following lemma is essentially the same as Proposition 3.4.5 in [10] . Proof. Assume that the assertion is false. Then there is a sequence f k satisfying
;n-»oo fcj^m Then there is a subsequence of f k \ Xl weakly convergent in L P >' 1+1 (X 1 , E) and strongly convergent on a common exceptional set K of the basic estimates. Let the weak limit be /. Then / must be zero. In fact, by (7) we have / J_ NQ n N^9 and the completeness of the metric ds$ implies that we have both 3/=0 and r5*/=0. On the other hand, combining (8) and (9) with the basic estimates, 
To prove the assertion we observe first that by the assumption (***), (13) where we put/ 0 = 0, and the norm is taken with respect to a fixed metrics on X and E. Hence we can define g e L^(X, E) by putting In accordance with Andreotti-Grauert [3] , we adopt the following Deinition 4.1. Let X be a complex manifold of dimension n, and let q be a positive integer. X is said to be strongly g-pseudoconvex (resp. strongly g-pseudoconcave) if there is a real-valued C°° function $ on X satisfying (1) x c : ={x; $(x)<c}<QX or =X, for any c, (2) the Levi form of 0 has at least n -q + \ positive (resp. n -q + i negative) eigenvalues outside a compact subset K of X.
We call $ an exhaustion function and K an exceptional set.
Note that X c is also strongly g-pseudoconvex (resp. strongly qpseudoconcave) if X C^K . Theorem 4.2. Let X be a strongly q-pseudoconvex (resp. strongly qpseudoconcave) manifold of dimension n with an exhaustion function $ and an exceptional set K 9 and let E be a holomorphic vector bundle over X. Let c<d, X C =>K 9 and X d <&X. Then, the pair (X c , X d ) is a pseudo-Runge pair with respect to E at bi-degrees (n, p), p^q -1 (resp. at bi-degrees (0, p), p^n-q-2).
For the proof we need the following lemmas. Proof. By the continuity of the eigenvalues it is clear that there is a continuous hermitian metric on X satisfying (3) and (4). Hence there is a C°°h ermitian metric satisfying (3) and (4). q. e. d. 4(0=-----v-2+ll on (-00, c),
Proof. We put 
Jt-oc
Proof. Left to the reader.
Proof of Theorem 4.2: Let ds 2 be a hermitian metric on X and h a hermitian metric along the fibers of E. Pseudoconvex case: Let X be strongly g-pseudoconvex. We may assume that outside X c >, such that c' <c and X C .=>K, at least n -q + l eigenvalues of are bigger than q and other eigenvalues are bigger than -1. We put
Here l k (t) is as in Lemma 4.4, and A is a positive number. By (7), ds 2 . is a complete hermitian metric on X d (cf. Proposition 1 in [18] or Proposition 3.1 in [25] ). Let a> k be the fundamental form associated to ds% and let G> be associated to ds 2 . Then
In virtue of (6), e(do} k ) is a bounded operator with respect to the pointwise norm with respect to ds 2 ,. Hence by Theorem 1.3 in Chapter 1,
Here, Tf and Tf * are the torsions of ds%, and C 6 is a constant which is independent of A. As for the curvature form of E with respect to h k , we have
Since the eigenvalues of l k (<t>)d<l> A d$ are nonnegative and by the choice of ds 2 the sums of q eigenvalues of l k (<t>)dd<& with respect to dsl are bigger than 1 outside X c , 9 we deduce from Proposition 2.6 in Chapter 1 that (15) and whence, for suflSciently large A, Thus (*), (**), and (***) have been verified for the corresponding bi-degrees. Pseud oconcave case : Assume thai X is strongly g-pseudoconcave. We set (23) where 5 is a positive number. By (7), dsl are complete on J£ d . Let co k and co be as above. Then
Hence the pointwise norms of Tf and Tf* ? z = l, 2, with respect to dsl, are bounded by C 10 >/A k (#) for some constant C 10 . We may assume that outside some X C ' with c'<c and X C ,-=>K, at least ?z -q + l eigenvalues of dd<l> with respect to ds 2 are less than -q -3 and other eigenvalues are less than 1. Let 
The reader is referred to Courant-Hilbert's book 'Metoden der Mathematischen Physik I, Springer-Verlag, Berlin-Heidelbsrg-New York', Erstes Kapitel, Paragraph 4. A new feature of Theorem 4.6 is that the harmonic forms representing the cohomology classes need not satisfy any kind of boundary conditions, which was not the case in Hormander's work [10] . In fact, in virtue of Stampacchia Inequality (cf. Theorem 1.2 in [30] ), the completeness of the herrnitian metric implies that / is harmonic if and only if (dB E + Q E d)f=Q in the sense described in (2), Section 3.
Hence, if r^'"^r n are the eigenvalues of X k ($)dd$ + )J k ($)d$
The advantage of using extended Bochner-Calabi-Nakano formula will be shown in the next chapter.
Chapter 3. Isomorphism Theorems on Weekly 1-CorapIete Manifolds
In this chapter we shall present several extensions and variations of so called 'vanishing theorems' on weakly 1-complete manifolds. Contrary to Theorem 4.6 in Chapter 2, the working hypothesis is the positivity of the curvature forms of the metrics along the fibers of holomorphic vector bundles. Two different notions of positivity are well known; one is due to S. Nakano [17] and the other is due to P. A. Griffiths [8] , [9] . Both of these shall be examined here. § 1. Coarse Isomorphism Theorems Let X be a complex manifold of dimension n. For a vector space V 9 S-<i V shall mean that S is a subspace of V. Definition 1.1. A holomorphic vector bundle E-*X with a herrnitian metric h along the fibers, in short a herrnitian vector bundle (£, h), is said to be qpositive (resp. q-negative) if, for any point xeX, there is a subspace S x -*3T XtX of dimension n -q + 1 such that (h®id)(@ h \ Sx ) is a positive definite (resp. negative definite) herrnitian form on E X ®S X .
Note that if £ is a line bundle, i.e. if the rank of £ is 1, then (£, h) is qpositive (resp. q-negative) if and only if the curvature form 0 h has everywhere at least n~q + l positive eigenvalues (resp. negative eigenvalues). It follows from the definition of strongly q-pseudoconvex manifolds (resp. strongly qpseudoconcave manifolds) that every holomorphic vector bundle over them is q-positive (resp. q-negative) outside a compact subset.
The following definition is due to Nakano [19] 
Clearly, we have
On the other hand, letting a* and co k be the fundamental forms associated to ds 2 and dsf , respectively, we have
so e(da) k ) is bounded. Hence similarly as in the pseudoconvex case of Theorem 4.2 in Chapter 2, we conclude that, for sufficiently large m, (X d9 X c ) is a pseudoRunge pair with respect to K$®E®B m at bi-degrees (w, p), p^q-1, whence follows the theorem. q. e. d.
The following definition is essentially due to Griffiths [8] . Proof. See (2.36) in [9] .
From Proposition 1.7, combined with the canonical isomorphism (10), we obtain the following corollaries to Theorem 1.3. Remark. Corollary 1.9, which is along the line of Nakano-Hironaka (cf. [19] ), is a generalization of the coarse vanishing theorems for compact complex manifolds obtained by Andreotti-Grauert [3] and Griffiths [8] , whose original form is found in Kodaira [13] .
As a generalization of the dual of Corollary 1.9 for compact manifolds, we obtain the following Theorem 1.10. Let (£, a) Proof. By (2.36) in [9] , L = (L(£*))* is q + s-1 negative outside K. Hence by the isomorphism (10), we may assume that £ is a line bundle.
Let x k be as before. By hypothesis, the rank of ddx k (<$>) is ^ r. We put
where ds 2 is so chosen that at least n -q + 1 eigenvalues of 0 a are less than Remark 1. By the same argument we can prove the corresponding coarse vanishing theorems (see Corollary 1.4) for semi-positive bundles (resp. seminegative bundles) of type q (for the definition see the next chapter) over strongly g-pseudoconvex (resp. strongly g-pseudoconcave) manifolds.
Remark 2. It will be interesting to know whether dim jff'CX^ F®£< m >), p^q , are at most of polynomial growth of degree n with respect to m, where E is as in Theorem 1.3. The corresponding result for strongly g-pseudoeonvex manifolds and strongly g-pseudoconcave manifolds has already been obtained by D.
Leistner [14] . § 2 0 Precise Isomorphism Theorems
Let (E, h) be a hermitian vector bundle over a complex manifold X of dimension n. (E, h) is said to be semi-positive (resp. semi-negative) if, for any point xeX, (h®id)0 h is a positive semi-definite (resp. negative semi-definite) hermitian form on (E® T x ) x . (E, h) is said to be semi-positive of type q (resp. semi-negative of type q\ if (£, h) is both semi-positive (resp. semi-negative) and ^-positive (resp. ^-negative). (3) y(.v)= min
By direct computation, we have
where (T l5 ..., T W ) denotes the dual basis of (T?,..., T*). We set 
The following theorem has been proved by Ohsawa [23] and by NakanoRhai [22] for q = \ (rank£=l is assumed in [23] ). The original form where K = 0 and q = i was proved by Nakano [17] , [19] , [20] , [21] and Kazama [12] , and reproved by Suzuki [27] . The original form of the following theorem has been proved by AkizukiNakano [2] and Girbau [7] . The present form has been partially proved by Nakano [20] 
Theorem 2.2. Let X be a weakly \-complete manifold, and let (E, h) be a hermitian vector bundle over X. Assume that (E,
/
= (n-s-t) </, f\ + < V at
Here we denote by < , > fc the pointwise inner product with respect to ds\ and a k . We put (24) 
Here yf(e) are the eigenvalues of 0 a + &dd% k ($) with respect to ds 2 , and we arrange them as follows : (25) It is easily seen that 7 J(e) ^ e and that g+1 -r-{C(n -g+1 -
Combining (23) with (27), we obtain the basic estimate for s + t^n -q -r. The rest of the proof is the same as in the proof of Theorem 1 .3. q. e. d.
A hermitian vector bundle (E, h) over a complex manifold X of dimension n is said to be weakly semi-positive if, for any point x e X and for any v e E x -{0},
) is said to be weakly semi-positive of type q. This definition is originally due to Griffiths [8] (cf. also Skoda [26] ).
Let P(E*) and L be as in Section 1. Then we have the following isomorphism (cf. Le Potier, C. R. Acad. Sc. Paris, 276 (1973) pp. 535-537).
From (2.36) in [9] , L is semi-positive of type q if E is weakly semi-positive of type q. Thus combining the isomorphism (21) with Theorem 2.5, we obtain The counterpart of Theorem 2.6 is left to the reader. The relation between semi-positivity and weak semi-positivity, except for the trivial implication, has been first revealed by Demailly and Skoda [5] . We restate here their theorem as follows. Remark I. In the above theorems we have proved also approximation theorems and harmonic representation theorems. From the harmonic representation theorem, we can deduce cohomology vanishing theorems under somewhat weaker assumptions on the curvature form of (£, /?) (cf. Takegoshi [28] ).
Remark 2. Let n: X-+C
N be a proper holomorphic map from a weakly I-complete manifold X of dimension n. Assume that X is embeddable into P N ' as a locally closed analytic submanifold, and that dim n~^(x)^n-r for x^O.
Then the latter part of Theorem 2.5 (Nakano's vanishing theorem), combined with Hodge-Lieberman-Rossi-Fujiki's decomposition theorem for strongly pseudoconvex manifolds, (cf. [6] , [15] ) implies that the decomposition of H*(X, C) into the direct sum of H r (X, Q s ) and the symmetry dim H*(X, O s )
= dim H S (X, Q*) are valid for degrees s-M, p^2n -r+1. Therefore the topology of the degenerate set of a holomorphic map from a projective variety is very restricted. Such phenomenon can be observed on Kahler manifolds, too (cf. [25] ), which may suggest a further meaning of our isomorphism theorems. Corollary 5« There is an operator P(n, r, 0 belonging to the algebra generated by A and L over the field of rational numbers, satisfying Thus in particular we have proved the latter part of (13) 
Combining these equalities we obtain Theorem 1.3. q.e.d.
Proof of Proposition 1.
We prove only (6) . The proof of (7) 
and ( 
Combining (18) with (23), we obtain (24) -(kAe(dco)L k~l + k(k -1) (fe -1 -n + p)e(do})L k~2 u/
-tt (K i)-(n p) .
On the other hand, by Theorem 6, we have 
'™-
1,0-3)= -Putting (33) into (27) , we obtain the proposition. q. e. d.
